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E-mail addresses: tl301@cam.ac.uk (T. Liu), tjlu@Analytical predictions are presented for the plastic collapse strength of lightweight sand-
wich beams having pin-reinforced foam cores that are loaded in 3-point bending. Both
polymer and aluminum foam cores are considered, whilst the facesheet and the pins are
made of either composite or metal. Four different failure modes are account for: metal
facesheet yield or composite facesheet microbuckling, facesheet wrinkling, plastic shear
of the core, and facesheet indentation beneath the loading rollers. A micromechanics-based
model is developed and combined with the homogenization approach to calculate the
effective properties of pin-reinforced foam cores. To calculate the elastic buckling strength
of pin reinforcements, the pin-reinforced foam core is treated as assemblies of simply sup-
ported columns resting upon an elastic foundation. Minimum mass design of the sandwich
is then obtained as a function of the prescribed structural load index, subjected to the con-
straint that none of the above failure modes occurs. Collapse mechanism maps are con-
structed and compared with the failure maps of foam-cored sandwich beams without
pin reinforcements. Finite element simulations are carried out to verify the analytical
model and to study the performance and failure mechanisms of the sandwich subject to
loading types other than 3-point bending. The results demonstrate that the weaker the
foam is, the more optimal the pin-reinforced foam core becomes, and that sandwich beams
with pin-reinforced polymer foam cores are structurally more efﬁcient than foam- or truss-
cored sandwich beams.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Lightweight sandwich beams are consisted of stiff and strong facesheets separated by a low density core, with the face-
sheets carrying bending loads while the core supporting transverse shear and through-thickness indentation loads. Numer-
ous studies have demonstrated that sandwich beams are weight efﬁcient structures desirable for critical aerospace, marine
and railway applications; see, e.g., Allen (1969), Vinson (2005), Ashby (2000), Ashby and Lu (2003) and Gibson and Ashby
(1997).
Traditionally, the core of a sandwich beam has been made of low density metallic or composite honeycombs, balsa wood,
cellular foam, or corrugated sheets. More recently, several novel metallic core topologies are introduced, including truss,
prismatic, Y-shaped, egg-box and hierarchical corrugated cores (see, e.g., Deshpande and Fleck, 2001; Valdevit et al.,
2004; Pedersen et al., 2006; Zupan et al., 2003; Kooistra et al., 2007). These topologies have demonstrated good structural. All rights reserved.
fax: +86 29 83234781 (T.J. Lu).
mail.xjtu.edu.cn (T.J. Lu).
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active cooling (see, e.g., Lu et al., 2005), blast resistance (Qiu et al., 2003; Xue and Hutchinson, 2003) and noise reduction
(Ruzzene, 2004).
Based on the principal deformation mechanism, sandwich core topologies can be categorized into two distinct groups as
either bending or stretch governed structures (Deshpande et al., 2001). For the same relative density, q (ratio of core density
to the density of the solid of which the core is made), the stretch governed structures provide superior strength and stiffness
capabilities, about 3 times more in strength and 10 times more in stiffness, when compared with bending governed struc-
tures. Typical stretch governed structures are truss lattice materials consisting of a three-dimensional network of fully tri-
angulated solid (or hollow) rods. The topologies retain enough connectivity so that deformation is primarily accommodated
through the tensile or compressive stretching of individual truss members. In comparison, for bending governed core topol-
ogies such as open- or close-celled foams, the deformation is accommodated through the bending of core struts around cell
joints. Even though closed-cell foams gain connectivity from cell membranes, the strength contribution from cell wall
stretching is small for the cell walls typically rupture before collapse (Gibson and Ashby, 1997).
Sandwich systems made with either bending or stretch governed core topologies have been studied extensively in recent
years. There exists nonetheless a third group of core topologies that deform through a competition of bending and stretching
mechanisms. A typical sandwich core of this form is to insert pins (trusses) into a foam matrix to create a truss-like network
reinforced foam core, in which the pins deform predominantly by local stretching whilst the foam deform mainly by local
bending. The present study aims to explore theoretically the collapse response of sandwich beams with pin-reinforced foam
cores that are loaded in 3-point bending and compare with that of sandwiches made with other core topologies.
Previous studies of sandwich panels/beams having pin-reinforced foam cores were mainly based on experimental mea-
surements. Cartie and Fleck (2003) experimentally examined the effect of pin reinforcement upon the through-thickness
compressive strength of foam-cored sandwich panels. Sandwiches made with Rohacell polymethacrylimide foam core
(Rohacell 31 and 51) reinforced by either titanium or carbon ﬁber pins at a volume fraction of 3.6% were tested both qua-
si-statically and dynamically. It was found that the compressive strength of the sandwich was governed by elastic buckling
of the pins, with the foam behaving as an elastic foundation supporting the pins. The pin-reinforced core had a strength and
energy absorption capacity in excess of the combined individual contributions from the foam and unsupported pins. Marasco
et al. (2006) measured the out-of-plane mechanical properties of two different Z-pinned sandwich panels, namely, X-CorTM
and K-CorTM sandwich panels, for which the Rohacell foam core reinforced by carbon ﬁber pins was fabricated using two dif-
ferent manufacturing techniques. In comparison with the equivalent Nomex honeycomb core sandwich panels, the Z-pinned
sandwich panels exhibit larger speciﬁc stiffness, but lower strength. It was found that the failure due to out-of-plane shear-
ing mainly occurred at the core-face interface while, for out-of-plane compression, the failure mode was identical to that
observed by Cartie and Fleck (2003). Mouritz (2006) experimentally studied the inﬂuence of volume fraction and size of
composite pins in Rohacell foam cores on the compressive behavior of Z-pinned sandwich panels. With the pin volume frac-
tion varying in the range of 0.5–4% and the pin diameter ﬁxed at either 0.28 or 0.51 mm, it was found that the modulus and
strength of the sandwich increase with increasing pin volume fraction (pin diameter ﬁxed), with these properties more than
doubling with every 1% addition of pins. Meanwhile, with the pin volume fraction ﬁxed, the pin diameter had negligible
inﬂuence over the size range studied. Further work by Rice et al. (2006) mainly concerned about the collapse mechanism
of sandwich panels having Rohacell foam cores reinforced by composite pins subjected to 3-point bending. Three failure
modes were considered: indentation, core shearing and face sheet failure. With the sandwich core treated as a homogeneous
medium, a collapse mode map displaying the different regions of panel failure was constructed via experimental study and
qualitative analysis. Indentation and core shear were identiﬁed as the dominant failure modes.
In all the studies mentioned above, the pins were made of relatively soft materials, such as titanium or composite
(Young’s modulus less than 140 GPa), and the volume fractions of pins were low, varying within 0.5–4%. For stiffer reinforce-
ment materials, Vaziri et al. (2006) examined the performance of sandwich plates made with steel facesheets and square
honeycomb or folded plate steel cores (Young’s modulus 200 GPa, volume fraction of steel 4%) ﬁlled with polymer foam
(Divinycell H100 and H200), subjected to crushing and impulsive loads. Comparative study via ﬁnite element calculations
showed that sandwich plates with foam ﬁlled cores could perform as well as those of same weight with unﬁlled cores.
Hence, in such cases, the combination of foam with honeycomb or folded plate as the sandwich core may be beneﬁcial only
if multifunctional advantages such as acoustic and thermal insulation are considered.
At present, theoretical modeling on the deformation and collapse of sandwiches having pin-reinforced foam cores is lim-
ited. This paper squarely addresses this deﬁciency. A micromechanics based model is ﬁrstly developed to calculate the effec-
tive properties of pin-reinforced foam cores, as detailed in Appendix A. Secondly, analytical formulae are derived for the
effective elastic–plastic properties of pin-reinforced foam cores with either a pyramidal or tetrahedral arrangement of pin
reinforcements; the predictions are calibrated by existing experimental data. Thirdly, in terms of these effective properties,
analytical expressions for the stiffness and strength of sandwich beams subjected to 3-point bending are presented. Mini-
mumweight designs of the sandwich are then obtained as a function of a dimensionless load index, subject to the constraint
that none of the following collapse modes occurs: face-yield/microbuckling, face-wrinkling, core shear, and core indentation.
Collapse mechanism maps are subsequently constructed and used to explore the effect of pin reinforcements in comparison
with the failure maps of foam-cored sandwich beams without pins or truss-cored sandwich beams without foams. Finally,
ﬁnite element calculations are performed to reveal the synergetic effects of different foam–pin combinations and to verify
the analytical predictions.
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2.1. Elastic properties
The current manufacturing practice for sandwich constructions with pin-reinforced foam cores is to insert pins into a
foam matrix in either periodic or random arrangement. According to Cartie and Fleck (2003), the through-thickness stiffness
and strength of the sandwich is relatively insensitive to pin arrangement. Consequently, for simplicity, only periodic arrange-
ments (either pyramidal or tetrahedral) of pins are considered in this paper.
With reference to Fig. 1(a) and (b) for a unit cell with either pyramidal (4-pins) or tetrahedral arrangement (3-pins) of
pins, let D2 be the width of the unit cell, D1 the length of 1–2 plane projections of pins which align with either 1- or 2-axis,
and h the thickness of foam matrix (i.e., the thickness of pin-reinforced foam core, varying from 5 to 20 mm for typical engi-
neering applications). The cylindrical pins have uniform radius, Rc. Hence, the volume fraction k of pins and density qc of the
unit cell can be calculated as:k ¼ npR2c=D22 cosU ð1Þ
qc ¼ ½kqpin þ qfð1 kÞ ð2Þwhere n denotes the number of pins within the unit cell, qpin and qf represent the density of pin material and foam core,
respectively, and U is pin inclination angle (see Fig. 1).
As mentioned by Cartie and Fleck (2003) and Mouritz (2006), k typically varies from 0.5% to 4% and Rc from 0.14 to
0.26 mm. The effective elastic properties of a pin-reinforced foam core can be calculated using the micromechanics based
method described in Appendix A. Since the effective stiffness tensor is obtained based on small and elastic deformation
assumption, numerical examples reveal that the effect of lateral stress due to foam matrix, p, on the deformation of pins
is negligible for the values of k and Rc (see Fig. A2, Appendix A). For larger deformation such as pin buckling, as given in Sec-Fig. 1. Schematic of unit cell with: (a) pyramidal arrangement and (b) tetrahedral arrangement of core-reinforcement pins.
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foam core can be calculated as:CH¼ 2pR2c Ey
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where (Ey, Ef) and (vy, vf) are the Young’s moduli and Poisson ratios of the pins and foam core, respectively. The ﬁrst two
terms on the right hand side of Eqs. (3) and (4) represent the stiffness contribution of the pins, whereas the third item rep-
resents the contribution of the foam core. Within the ranges of h and Rc considered, the second term, representing the con-
tribution of the ‘‘bending mechanism” due to the clamped supports of pins, is negligible. That is, the contribution of simply
supported pins to the overall stiffness of the sandwich core is equivalent to that of fully clamped pins. Consequently, Eqs. (3)
and (4) can be simpliﬁed to depend only on pin volume fraction, k, and pin inclination angle, U, by invoking:cosU ¼ h
ðD21 þ h2Þ1=2
; sinU ¼ D1
ðD21 þ h2Þ1=2
ð5ÞBy comparing Eq. (3) with Eq. (4), it is found that the two different pin arrangements lead to identical through-thickness
stiffness, CH33, while the out-of-plane shear stiffness, C
H
55 or C
H
44, of the pyramidal arrangement can be greater than that of
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cell are such that the ratio of pins with projections aligned with the 1-axis to that with the 2-axis is 1 for pyramidal arrange-
ment, and 2 for tetrahedral arrangement. Thus, Eqs. (3) and (4) are applicable to other unit cells with similar geometrical
characteristics. As experimentally observed by Mouritz (2006), the pin diameter does not have a signiﬁcant inﬂuence on
stiffness of the sandwich core, which is consistent with the present analysis.
Figs. 2 and 3 plot the normalized out-of-plane stiffnesses of a pin-reinforced foam core as functions of pin volume fraction k, for
four different foam–pin combinations, all with pyramidal arrangement of pins and U = 30. In all the cases, consistent with the
experimental observationofMouritz (2006), the through-thickness stiffness, CH33, increases linearlywith increasing k. Since thepins
aremuch stiffer than the cellular foams (seeTables1 and2 for the rangeofmaterial combinations considered in this paper), thepin-
reinforced foam core mainly derives its stiffness from the pins. As shown in Fig. 2(a and b), the through-thickness stiffnesses of a
pin-reinforced polymer foam core is almost equal to that of a pin-alone core (with foam removed), which is consistentwith exper-
imental observation (see Fig. 5 of Cartie andFleck (2003)). For apin-reinforced aluminumfoamcores (Fig. 3), the through-thickness
stiffness is greater than thatof apin-alone core, suggesting that the contributionofpin reinforcements for aluminumfoams is largerFig. 2. Normalized out-of-plane stiffnesses of pin-reinforced foam core plotted as functions of pin volume fraction: (a) Rohacell 51 foam + T650 carbon/
bismaleinide pins (Ey = 150 GPa), and (b) Rohacell 51 foam + aluminum 1050-H18 pins (Ey = 69 GPa), all withU = 30. Solid lines denote pin-reinforced foam
cores, dashed lines represent pin alone cores (with foam removed), whilst dash-dot lines denote pin alone cores having the same weight as pin-reinforced
foam cores.
Fig. 3. Normalized out-of-plane stiffnesses of pin-reinforced foam core plotted as functions of pin volume fraction of pins: (a) Alporas foam + 301 stainless
steel pins (Ey = 200 GPa), and (b) Alporas foam + aluminum 1050-H18 pins (Ey = 69 GPa), all with U = 30. Solid lines denote pin-reinforced foam cores,
dashed lines represent pin alone cores (with foam removed), whilst dash-dot lines denote pin alone cores having the same weight as pin-reinforced foam
cores.
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found that the through-thickness stiffness of the latter is not enhanced, and a similar trend is observed for the out-plane shear stiff-
ness. Therefore, it can be concluded, in accordancewith Cartie and Fleck (2003), that the purpose of adding pin reinforcements to a
foammatrix is not to increase the overall elastic stiffness of the sandwich core. It can also be concluded that the softer the pins, the
greater the contribution of the foam to the overall elastic stiffness of the core.
In passing, we note that the dependence of effective stiffnesses upon pin volume fraction for pin-reinforced foam cores as
exempliﬁed in Eqs. (3) and (4) agrees well with experimental observations (Cartie and Fleck, 2003; Mouritz, 2006), which
may be used as a validity check of the present analytical predictions (Appendix A).
2.2. Plastic collapse
Upper bound calculations for the plastic collapse of a pin-reinforced foam core are carried out, with the assumption that
both the pins and the foam matrix deform in accordance with elastic perfectly-plastic models. Thus, upon uniaxial stressing,
the stress versus strain curve of the foam exhibits three distinct regimes, as schematically shown in Fig. 4. The foam under-
goes a linear elastic deformation up to the elastic strain limit ep, regime I. Subsequently, in regime P, foam crushing is
Table 1
Mechanical properties of: (a) foams, (b) base materials of pins and (c) woven glass–epoxy composite
Foam Young’s modulus, Ef (MPa) Poisson ratio Initial uniaxial compressive yield stress (MPa) Density (kg/m3)
(a)
Rohacell 31 36 0.2 0.4 31
Rohacell 51 70 0.3 0.9 51
Alporas 1000 0.15 1.9 230
H30 26 0.32 0.29 36
H100 120 0.32 1.45 100
H200 280 0.32 3.85 200
T300 carbon/bismaleinide T650 carbon/bismaleinide Ti-6Al-4V 301 stainless steel Aluminum 1050-H18
(b)
Axial compression modulus (Ex) 135 GPa 150 GPa 114 GPa 200 GPa 69 GPa
Shear modulus (Gxy) 125 MPa 125 MPa 44 GPa 76.92 GPa 26 GPa
Axial compression strength (rx),yield 1100 MPa 1.77 GPa 1070 MPa 205 MPa 145 MPa
Shear strength (sxy) 70 MPa 70 MPa 760 MPa 118.35 MPa 83 MPa
Poisson ratio 0.24 0.24 0.33 0.3 0.33
Density (kg/m3) 2250 2250 4430 8030 2705
Material Compressive yield stress (MPa) Young’s modulus, Ef (GPa) Density (kg/m3)
(c)
GFRP 350 30 1770
Table 2
Comparison of experimentally measured and theoretically predicted strengths of: (a) Ti pin-reinforced foam cores and (b) composite pin-reinforced foam cores,
all under uniaxial compression
Thickness of core (mm) Ti pins and Rohacell31 Ti pins and Rohacell51
Experiment (MPa) Prediction 1 (MPa) Prediction 2 (MPa) Experiment (MPa) Prediction 1 (MPa) Prediction 2 (MPa)
(a)
5 13 9.5 11.25 16 10.05 13.11
10 11.5 6 9.9 12.5 8.98 16.5
20 8.9 7.8 8.87 10.5 9.5 11.38
(b) T300 carbon/bismaleinide & Rohacell31 with 10 mm thick foam core
Experiment (MPa) 9.5 10.2
Prediction 1 (MPa) 6.25 6.8
Prediction 2 (MPa) 9.72 9.3
The experimental data are taken from Fig. 5 of Cartie and Fleck (2003) and Fig. 4 of Rice et al. (2006). ‘‘Prediction 1” denotes the predictions given in Marasco
et al. (2006), while ‘‘Prediction 2” denotes the predictions obtained by the current model. The underlined italic data in the second column of (b) correspond
to the sandwiches studied by Pedersen et al. (2006). The pin volume fraction is 3.6% for Marasco et al. (2006) and 3% for Pedersen et al. (2006), while the pin
diameter is ﬁxed at 0.5 mm.
Fig. 4. Schematic compressive stress–strain behavior of the elastic perfectly-plastic deformation model for cellular foams.
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each other and lock up, leading to the densiﬁcation regime III.
The elastic strain limit ep can be well deﬁned by the yield point for a polymer foam. However, since a metallic foam usu-
ally has no apparent yield point, ep is chosen corresponding to the onset of plateau stress rp. Hence, different from Section
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celled aluminum foam (Chen et al., 2001), rp = 1.73 MPa, ep = 1.8%, Ef ¼ 96:11 MPa. Experimentally it is found that ep has a
value in the order of 2–4% for a polymer foam and 1–2% for a metal foam, while the pins yield at a strain of 0.1–1% (Chen
et al., 2001; Deshpande and Fleck, 2001). Consequently, it is reasonable to assume that the onset of plastic collapse for the
pins is prior to that for the foam matrix. Moreover, as mentioned in Section 2.3, since the foam acts as an elastic foundation
to support the pins against buckling, the prescribed collapse mode of the pins can ensure the appropriate foundation mod-
ulus of the foam. This assumption has been conﬁrmed by results presented in Figs. 5 and 6, as described below.
Let R denote the macroscopic stress tensor and E the macroscopic strain tensor of the sandwich construction. The normal
collapse stress of the pins, Rpin33 , is attained when all the pins in a unit cell yield simultaneously in compression or in tension,
which can be calculated from Eqs. 3,4,5 and (A35) and by considering the displacement compatibility between the foam core
and pins. For relatively soft foam cores, Rpin33 can be expressed approximately as:Fig. 5. Collapse surface of T300 carbon pin-reinforced foam cores in (R33, R13) space, all withU = 30, k = 3.5%, h = 10 mm and D2/D1 = 1.2. In the sketches of
collapse modes, solid lines represent pins in elastic state, straight dashed lines represent pins undergoing plastic collapse whilst curved lines represent
buckling pins.
Fig. 6. Collapse surface of 301 stainless steel pin-reinforced foam cores in (R33,R13) space, all with U = 30, k = 3.5%, h = 10 mm and D2/D1 = 1.2. In the
sketches of collapse modes, solid lines represent pins in elastic state and straight dashed lines represent pins undergoing plastic collapse; elastic buckling of
pins does not occur in this case.
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ð6Þwhere ry is the yield stress of the pin material. The out-of-plane shear strength of the pins, Rpin13 , can be calculated by assum-
ing that, in the 1-direction, one pin undergoes tensile yielding, the opposite pin undergoes compressive yielding, and the
remaining pins in the unit cell remain elastic, resulting in:Rpin13
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Expressed in stress space (R33,R13), the collapse surface of the pin-reinforced foam core is given by: R
pin
33
ry k cos2Uþ 2ð1kÞE

f vf
Ey sin
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for pyramidal arrangement of pins, and R
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for tetrahedral arrangement of pins. Note that, for relatively stiff foam cores, the truncated items in Eqs. (6)–(10) cannot be
ignored.
The alternative collapse mode occurs when the plastic collapse of the foam matrix occurs prior to the failure of pins,
which may be possible for pin-reinforced metal foam cores, but not for polymer foam cores. As mentioned above, this col-
lapse mode should be prevented to ensure the foundation modulus of the foam matrix to support the pins. Following Desh-
pande and Fleck (2000), the yield surface of a metal foam is deﬁned as:P ¼ r^ Y ¼ 0 ð11Þ
where Y(rp) is the uniaxial yield strength and r^ the effective stress given by:r^2 ¼ 1
1þ ða=3Þ2
ðr2e þ ar2mÞ ð12ÞHere, a deﬁnes the aspect ratio of the elliptical yield surface in the stress space characterized by Mises stress re and mean
stress rm. For 11% dense Alporas aluminum foam considered in this paper, a = 1.75 (Chen et al., 2001). With Eqs. 3,4,5 and
(A35), rf33 and rf13 can be related to the macroscopic stresses R33 and R13 by setting the remaining components in stress
tensor rf to zero, as:rf33 ¼
Ef ðk 1ÞR33
Eykvf cos2U sin
2 U Eyk cos4Uþ Ef ðk 1Þ
ð13Þ
rf13 ¼
Ef ð1 kÞR13
ð1þ vf ÞkEy cos2U sin2Uþ Ef ð1 kÞ
ð14Þ(Pyramidal arrangement of pins)rf13 ¼
3Ef ð1 kÞR13
4ð1þ vf ÞkEy cos2U sin2Uþ 3Ef ð1 kÞ
ð15Þ(Tetrahedral arrangement of pins)
Hence, the collapse surface in (R13,R33) space of the pin-reinforced foam core can be obtained by substituting (13)
through (15) into (11) through (12).
Figs. 5 and 6 plot the plastic collapse locus and the associate collapse mode in (R13,R33) space for pin-reinforced polymer
or aluminum foam cores having pyramidal arrangement of pins, all with U = 30, k = 3.5%, h = 10 mm and D2/D1 = 1.2. Poly-
mer foam H100 and 11% dense Alporas aluminum foam are selected as the core matrix, and the base material of pins is either
T300 carbon ﬁber (Fig. 5) or 301 stainless steel (Fig. 6). The plastic collapse loci of pin-alone cores (foam free) and aluminum
foam cores (pin free) are also plotted in Figs. 5 and 6 for comparison.
The solid straight lines in Figs. 5 and 6 denote pins in the elastic state, and the dashed lines refer to pins that are actively
yielding. The pins yield in either compression or tension (as denoted by the arrows in Figs. 5 and 6) and thus two collapse loci
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foam core is nearly identical to that of a pin-alone core, suggesting that the foam matrix has negligible inﬂuence on the plas-
tic collapse of pins. Similar trends have been observed for aluminum or titanium pin-reinforced foam cores, which are not
presented here for brevity.
Once the pins have plastically yielded, the foam core will carry the external loads alone until its plateau stress is attained.
Hence, the indentation strength and shear strength of a pin-reinforced foam core is approximately equal to the linear com-
bination of the respective strengths of pins and foam, as:Fig. 7.
springRcY33 ¼ Rpin33 þ ð1 kÞrfY33; RcY13 ¼ Rpin13 þ ð1 kÞrfY13 ð16Þ
whererfY33 andrfY13 are the uniaxial strength and out-plane shear strength of the foammatrix. Results obtained later (Section 5)
with ﬁnite element simulations suggest that Eq. (16) is reasonable.
2.3. Elastic buckling of pins
The out-of-plane compressive behavior of sandwich panels with Ti–6Al–4V or carbon ﬁber pin-reinforced polymer foam
cores has been experimentally investigated by Cartie and Fleck (2003). The typical response of the sandwich comprises an
initial elastic phase, followed by a peak strength and plastic collapse regime with falling stress-strain curve. Finally, densi-
ﬁcation ensues with the lock-up of foam cell walls and of pins, with steeply rising response. The peak strength is governed by
the onset of elastic buckling of the pins, with the foam matrix stabilizing the pins against buckling. By treating the pin-rein-
forced foam core as assemblies of simply supported beam-columns upon an elastic foundation, the buckling load for such a
column is estimated as Timoshenko (1961):Pcr ¼ PE m2 þ kl
2
m2p2PE
 !
ð17Þwhere PE = p2EyI/l2 is the Euler buckling load for a simply supported column of length l in the absence of the foundation, k is
the foundation stiffness representing the reaction force of the foundation per unit length of bar when the transverse deﬂec-
tion equals unity, and m is an integer representing the number of half sine waves over which the bar buckles between sup-
ports. As mentioned in Section 2.2, the onset of plastic collapse for the pins is prior to that for the foam matrix. Hence, the
foundation stiffness, k, can be determined in the elastic regime of the foam. In Cartie and Fleck (2003), the value of k was
measured experimentally by dragging a tool steel pin through a block of polymer foam (see Fig. 9 of Cartie and Fleck
(2003)). The resulting foundation modulus is k = 1.74 MPa for Rohacell31 foam and k = 2.92 MPa for Rohacell51 foam.
Since the pin volume fraction considered in the present study is low (0.5% to 4%), negligible constraints from the pins are
imposed on the deformation of the surrounding foam matrix. Hence, the foam can be treated as a superposition of two Win-
kle type elastic foundations to support the pins (Fig. 7), with the pins simply supported at both ends. In the ﬁrst foundation
model (Fig. 7a), the simply supported pin is placed on vertical springs with spring coefﬁcient kh approximately equal to:kh ¼ 2EfRch ð18ÞFor the second foundation model (Fig. 7b), the pin is placed on horizontal springs with spring coefﬁcient kv. Invoking the
periodic boundary conditions of a unit cell (Fig. 1), one can deduce that the horizontal springs are only effective within a
unit cell. Hence, kv can be approximately calculated as:Winkle type elastic foundation model for pin-reinforced foam core: (a) vertical springs with spring coefﬁcient kh and (b) horizontal springs with
coefﬁcient kv.
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h
sinUþ 2EfRc
D2
cosU ð20ÞNote that, in Eq. (20), the value of k is dependent upon pin inclination angle U, while in Cartie and Fleck (2003) this depen-
dence was ignored.
To check the validity of the proposed buckling model of pins, Table 2 presents the predicted and measured uniaxial com-
pression strengths of selected pin-reinforced foam cores. The test data are taken from Fig. 5 of Cartie and Fleck (2003) and
Fig. 4 of Rice et al. (2006). For comparison, the analytical predictions of Cartie and Fleck (2003) are also included in Table 2.
The results of Table 2 demonstrate that the predictions of the present model agree well in general with experimental mea-
surements, while the predictions of Cartie and Fleck (2003) somewhat underestimate the strength of pin-reinforced foam
cores.
Since the pins only buckle in compression, a single collapse plane is associated with each buckled state, given by: R
pin
33
rcr k cos2Uþ 2ð1kÞE

f vf
Ey sin
2 Uð1þvf Þð12vf Þ
  Rpin13
rcr 14 k sin 2Uþ
ð1kÞEf
Ey sin 2Uð1þvf Þ
   1 ð21Þ
for pyramidal arrangement of pins, and R
pin
33
rcr k cos2Uþ 2ð1kÞE

f vf
Ey sin
2 Uð1þvf Þð12vf Þ
  Rpin13
rcr 13 k sin 2Uþ
ð1kÞEf
Ey sin 2Uð1þvf Þ
   1 ð22Þ
for tetrahedral arrangement of pins, with rcr ¼ Pcr=pR2c . Once again, for relatively stiff foam cores, the truncated items in Eqs.
(21) and (22) cannot be ignored. Since pin buckling is a catastrophic event and gives rise to a sudden drop in load carrying
capacity, the contribution of the foam matrix to the peak strength of the pin-reinforced foam core is negligible provided that
pin buckling has occurred. Hence, the peak strength of the sandwich governed by pin buckling can be well deﬁned by Eqs.
(21) and (22), i.e.,RcY33 ¼ Rpin33 and RcY13 ¼ Rpin13 .
The effect of pin buckling upon the collapse response is shown in Fig. 5 for a foam matrix (polymer or aluminum) rein-
forced by T300 carbon ﬁber pins arranged in a pyramidal pattern, withU = 30, k = 3.5%, h = 10 mm and D2/D1 = 1.2. The buck-
ling collapse locus of a pin-alone core is also plotted in Fig. 5 for comparison. The collapse modes are displayed using side
views of the unit cell (Fig. 5), with curved solid lines representing buckled pins. The results of Fig. 5 suggest that the pin
buckling strength is signiﬁcantly enhanced due to the presence of the foam matrix. However, the synergetic effect derived
from the H100 polymer foam is approximately equal to that from the aluminum foam. For a foam matrix (polymer or alu-
minum) reinforced by steel pins arranged in the same pattern, the corresponding results on collapse loci are presented in
Fig. 6, and it is seen that pin buckling is not active for both pin-reinforced foam cores and pin-alone cores. Thus, the presence
of either polymer or aluminum foam matrix has dispensable effect on the collapse strength of the sandwich. In such cases,
the pin-reinforced foam cores would rather be replaced by (foam free) truss core sandwiches for minimum weight require-
ment (Liu et al., 2006). In other words, for each type of pin reinforcements, there exists an upper bound for pin volume frac-
tion,kmax, beyond which pin buckling will not occur for pin-alone cores so that the presence of a foammatrix is not necessary
if weight is of concern.
In Section 5, the failure of sandwich beams having pin-reinforced polymer foam cores is examined by ﬁnite element sim-
ulations. Selected case studies reveal that the failure strengths of the sandwich predicted using Eq. (21) are reasonable.
3. Stiffness and strength of sandwich beams in 3-point bending
With reference to Fig. 8a, this section presents analytical formulae for the stiffness and collapse strength of a sandwich
beam with pin-reinforced foam core loaded in 3-point bending. Similar to Section 2.2, it is assumed that both the core and
facesheets are elastic-ideally plastic, and the core effective properties are those given in Section 2.1. These formulae will be
employed in Section 4 to carry out minimummass designs and construct failure maps, and the validity of these formulae will
be checked in Section 5 against ﬁnite element calculations.
Consider a sandwich beam of uniform width b, consisting of two identical facesheet of thickness t that are perfectly
bonded to a pin-reinforced foam core of thickness h(without slip under loading). For a pin-reinforced polymer foam
core, the facesheets are made of woven glass-epoxy composite (Steeves and Fleck, 2004) while, for a pin-reinforced me-
tal foam core, the facesheets are made of aluminum. The pertinent properties of the facesheets are the compressive/
microbuckling/tensile strength rfaceY11 and Young’s modulus E
face
11 . The beam is loaded in 3-point bending by circular
cylindrical rollers of radius R = 20 mm, see Fig. 8a. The span between the outer supports is Land the overhang distance
beyond the outer supports is c. Let d denote the transverse deﬂection of the mid-point of the sandwich beam due to
transverse load F.
Fig. 8. Sandwich beam under 3-point bending: (a) schematic of loading and geometries; (b) collapse modes, with face yield occurring for metal facesheet
and face microbuckling for composite facesheet.
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The total deﬂection d at the mid-point of a sandwich beam loaded in 3-point bending is given as the sum of the deﬂections
due to bending of the facesheets and shear of the core (Allen, 1969):d ¼ FL
3
48ðEIÞeq
þ FL
4ðAGÞeq
ð23Þwhere (EI)eq and (AG)eq are the equivalent ﬂexural rigidity and shear rigidity, respectively. For a lightweight sandwich beam,
the core has negligible contribution to its overall bending stiffness, resulting in:ðEIÞeq 
Eface11 btd
2
2
; ðAGÞeq  bdCH55 ð24Þwhere CH55 is the out-of-plane shear modulus of the core in 1-3 direction (see, Eqs. (3) and (4)), and d = h + t is the distance
between the centroids of the facesheets.
3.2. Sandwich strength
When the facesheets are perfectly bonded to the core, the strength of a lightweight sandwich beam in 3-point bending is
determined by four competing collapse modes: face yield/microbuckling, face wrinkling, core shear, and indentation beneath
the loading roller. These failure modes have been conﬁrmed by recent experimental studies (Rice et al., 2006). The strength
formulae governing these failure modes are presented below where, for simplicity, the interaction between collapse modes
is neglected.
3.2.1. Face yield/microbuckling
The plastic collapse of a metallic facesheet occurs when the axial stress within the tensile facesheet attains the yield
strength rfaceY11 , whereas microbuckling of a composite facesheet occurs when the axial stress within the compressive face-
sheet attains the microbuckling strength rfacey11 . The maximum bending on the beam cross-section is attained at the location
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the section of the sandwich beam implies that the collapse force FFY is given by:FFY ¼ 4btdL r
faceY
11 ð25ÞComposite facesheet microbuckling is treated approximately as in (25), for which the accuracy is checked positively against
experiments Steeves and Fleck (2004).
3.2.2. Face wrinkling
Face wrinkling can be viewed as the buckling of compressive facesheet supported by an elastic continuum (foam) be-
tween two neighboring pins. Hence, the critical wrinkling stress, rfacew11 , can be calculated by invoking Eq. (17):rfacew11 ¼
PE
bt

m2 þ kl
2
m2p2PE

; l ¼max½D1; ðD2  D1Þ ð26Þwhere, similar to Section 2.3, the buckling coefﬁcient k can be calculated as:k ¼ Efb
h
ð27ÞNote that, as Eq. (26) is derived for the case that the factsheet is simply-supported on the pins, it underestimates the critical
wrinkling stress when the rotation restraining effect of the pins on the facesheet is signiﬁcant. The collapse load FFW of the
sandwich beam is given by an expression analogous to (25):FFW ¼ 4btdL r
facew
11 ð28Þ3.2.3. Core shear
The transverse shear force exerted on a sandwich beam in 3-point bending is carried mainly by the core. For sandwich
beams having composite facesheets (Steeves and Fleck, 2004), it is assumed that the core collapses at a uniform shear
strength RcY13 in the 1-3 direction, with negligible additional contribution from the facesheets, resulting in:FCS ¼ 2bdRcY13 ð29Þ
For the case of metallic facesheets, Ashby (2000) identiﬁed two competing modes of core shear: Mode A entails core shear
over the full length (L + 2c) of the sandwich beam, with plastic hinge formation in both facesheets beneath the central roller;
Mode B comprises core shear over the central portion of length L, with plastic hinge formation in both facesheets at the outer
loading points. The collapse loads by Modes A and B are separately given by:FACS ¼ 2
bt2
L
rfaceY11 þ 2bhRcY13 1þ
2c
L
 
ð30ÞandFBCS ¼ 4
bt2
L
rfaceY11 þ 2bhRcY13 ð31ÞNote that collapse Mode A is activated for small lengths of overhang c, and the collapse mechanism is expected to switch to
Mode B for overhangs satisfying the relation:c >
1
2
t2
h
rfaceY11
Rcy13
ð32Þ3.2.4. Indentation
Three plastic hinges within the top facesheet adjacent to the central indenter may be formed for the indentation mode of
collapse, with compressive yield of the underlying core. The indentation pressure of a pin-reinforced foam core is assumed to
be the same as its uniaxial compressive strength, with supporting arguments given in Section 2. Both upper and lower bound
analyses (Ashby, 2000) show that the indentation load FI is given by:FI ¼ 2bt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rfaceY11 R
cY
33
q
ð33Þ4. Minimum mass design and failure mechanism maps
In this section, the geometry of a sandwich beam with pin-reinforced foam core, loaded in 3-point bending, is optimized
to achieve minimum mass design as a function of a prescribed structural load index F deﬁned as:
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bLrfaceY11
ð34ÞThe mass M of the sandwich beam is given by:M ¼ 2btLqface þ bLhqc ð35Þ
where qface and qc are the densities of facesheet and core material, respectively. Let the non-dimensional mass index bM be
deﬁned as:bM ¼ M
bL2qface
ð36ÞFor convenience, the following non-dimensional geometrical and material parameters are introduced:t ¼ t=h; h ¼ h=L; q ¼ qc
qface
¼ k qpin
qface
þ ð1 kÞ qf
qface
ð37Þ
RcY33 ¼ RcY33=rfaceY11  k cos2Uþ
2ð1 kÞEfvf
Ey sin
2Uð1þ vf Þð1 2vfÞ
 !
rcr ð38Þ
RcY13 ¼ RcY13=rfaceY11 
1
4
k sin 2Uþ ð1 kÞEf
Ey sin 2Uð1þ vf Þ
 
rcr ð39Þ
CH55 ¼ CH55=rfaceY11 ¼
k
2
sin2U cos2UEy þ ð1 kÞ2ð1þ vf Þ E
f ð40Þ
CH33 ¼ CH33=rfaceY11 ¼ k cos4UEy þ
ð1 kÞð1 vfÞ
ð1þ vfÞð1 2vf Þ E
f ð41Þ
rcr ¼ rcr=rfaceY11 ; Ey ¼ Ey=rfaceY11 ; Ef ¼ Ef=rfaceY11 ð42Þ
With Eqs. ((25), (28)–(31) and (36)), the expressions for F and bM can be rewritten as:FFY ¼ 4tð1þ tÞh2 ðFace yield=MicrobucklingÞ ð43Þ
FFW ¼ 4tð1þ tÞh2 r
facew
11
rfaceY11
 !
ðFace wrinklingÞ ð44Þ
FCS ¼ 2ð1þ tÞhRcY13; FBCS ¼ 4t2h2 þ 2hRcY13 ðCore shearÞ ð45Þ
F I ¼ 2th
ﬃﬃﬃﬃﬃﬃﬃﬃ
RcY33
q
ðIndentationÞ ð46ÞbM ¼ 2thþ hq ðSandwich massÞ ð47ÞHere, for simplicity, only pyramidal arrangement of the pins is considered although the analysis can be easily extended to
other types of pin arrangement. The expressions for RcY33 and R
cY
13 in (38) and (39) are inherited from (21), with elastic buckling
of the pins taken as the assumed collapsed mode for core shear and indentation. For the case that pin yielding occurs prior to
pin buckling, Eqs. (9) and (10) will be invoked instead; accordingly, in (38) and (39), rcr is replaced by ry ¼ ry=rfaceY11 . Here
again, for stiff foam cores, the truncated items in Eqs. (38) and (39) cannot be ignored. Also, in Eq. (45), it is assumed that the
overhang cexceeds the transition value so that failure due to core shear is by Mode B.
4.1. Minimum mass design
The sequential quadratic programming (SQP) optimizer in the commercially available optimization code ISIGHTTM is em-
ployed to minimize (47), subjected to the constraints that none of the failure modes detailed in (43)–(46) occurs. The cal-
culation is coded in MATLABTM. The optimization is performed by imposing limits on core thickness h/LP 0.01, facesheet
thickness t/hP 0.01, pin volume fraction kP 2%, and D2/D1P 1, which are chosen for ease of fabrication in the case of small
L. Optimization results are obtained for two distinct cases: (1) composite facesheets (woven glass–epoxy composite GFRP,
see Table 1) and PVC foam core with three densities (H30, H100 and H200, see Table 1) reinforced by T300 carbon/bisma-
leinide pins, and (2) aluminum alloy facesheets and aluminum foam core (11% dense Alporas) reinforced by aluminum pins.
Fig. 9(a–d) plot separately the minimum mass design of sandwich beams having pin-reinforced foam cores, unreinforced
foam cores (compare with Fig. 14 of Steeves and Fleck (2004)) and foam-free truss cores (compare with Figs. 15 and 16 of
Deshpande and Fleck (2001), with a ¼ 0:09), as a function of the load index F. Similar to Steeves and Fleck (2004), F varies
within the range of [0.0001, 0.01]. In these ﬁgures, HP30, HP100 and HP200 denote pin-reinforced foam cores made with PVC
foam H30, H100 and H200, respectively.
As shown in Fig. 9a, the minimum mass of a sandwich beam with pin-reinforced foam core vary almost linearly against
the load index F. It is striking to ﬁnd that the weaker the foam is, the more optimal the pin-reinforced foam core becomes.
Fig. 9. Minimum mass designs of sandwich beams with pin-reinforced foam cores, loaded in 3-point bending: composite facesheets (GFRP) and PVC foam
core with three densities (H30, H100 and H200) reinforced by T300 carbon/bismaleinide pins, or aluminum alloy facesheets and aluminum foam core (11%
dense Alporas) reinforced by aluminum pins, all with h/LP 0.01, t/hP 0.01, kP 2% and D2/D1 P 1. (a) Comparison of minimummasses of sandwich beams
having pin-reinforced foam cores, foam cores (without pin reinforcements; see Fig.14 of Steeves and Fleck, 2004), and truss cores (without foam matrix; see
Figs.15 and 16 of Deshpande and Fleck (2001), a ¼ 0:09), all plotted as functions of load index F
bLrfaceY11
; (b) optimal beam height normalized by beam span; (c)
optimal face thickness normalized by beam height; and (d) optimal pin inclination angle (radian) and pin volume fraction. HP30, HP100 and HP200 stand
for pin-reinforced H30, H100 and H200 PVC foam cores, respectively.
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efﬁciency of a sandwich with pin-reinforced aluminum foam core is almost equal to that of the corresponding truss-cored
sandwich. In other words, it is beneﬁcial to combine a relatively weak polymer foam with composite trusses to form a pin-
reinforced foam core, and the same cannot be said to the combination of a metal foam and metal trusses.
As shown in Fig. 9(b–d) for the geometric parameters corresponding to a minimum mass design, the core thickness, h/L,
varies nearly linearly with F; the pin inclination angle U varies within the range of [17.2, 34.3] for weak foams (HP30 and
HP100), and is ﬁxed at 30 for relatively strong foams (HP200 and aluminum foam); the volume fraction of pins k varies
within [2%,10%] for weak foams, and has an approximately constant value of 2% for stronger foams. Generally, the optimal
geometry is governed by simultaneous face yielding and face wrinkling for lightly loaded sandwich beams, and lies at the
conﬂuence of face yielding, indentation and core shear for heavily loaded sandwich beams.
4.2. Failure maps
Results of sandwich failure expressed in terms of maps facilitate visualization during the design stage [2, 5, 26]. For a pre-
scribed volume fraction of pins, k, and pin inclination angle, U, the failure maps identify minimummass designs by properly
selecting sandwich geometrical dimensions ðt; hÞ for a given structural load index F. Hence, the reinforcing role of pins can be
further understood by comparing the current failure maps with those of Steeves and Fleck (2004) and Chen et al. (2001) for
sandwich beams with unreinforced foam cores or Deshpande and Fleck (2001) for foam free truss-cored sandwich beams.
For the purpose of selecting minimum mass geometries, contour plots of dimensionless mass bM and structural load index
F are superimposed on the failure maps.
Fig. 10 plots the failure mechanism map for a sandwich beam having composite faces and H100 foam core reinforced by
composite pins, withU = 22, k = 3% and D2/D1 = 1.2. A comparison with Fig. 13 of Steeves and Fleck (2004) for a counterpart
sandwich without the pin reinforcements reveals that, the pin reinforcement leads to a microbuckling region in the map: the
minimummass design lies within the microbuckling region for low values of F and along the boundary between indentation
Fig. 10. Collapse mechanism map for sandwich beams consisting of composite facesheets (GFRP) and H100 foam core reinforced by T300 carbon/
bismaleinide pins forU = 22, k = 3% and D2/D1 = 1.2. Contours of dimensionless weight bM and structural load index F have been added. The arrows trace the
path of minimum mass designs with diminishing F.
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diminishing F. Core shear dominates the map, for the values of parameters selected.
The failure mechanism map of a sandwich beam with aluminum alloy facesheets and aluminum foam core reinforced by
aluminum pins is plotted in Fig. 11, with U = 22, k = 3% and D2/D1 = 1.2. The map exhibits a morphology similar to that of a
counterpart sandwich beam without the pins subjected to four-point bending (see Fig. 17 of Chen et al. (2001)). That is, the
boundary between core shear and indentation regimes has a large curvature, with core shear dominating at intermediate
values of t/h. Similar to Fig. 10, the minimum weight design lies within the face yield regime for low values of F and along
the boundary between indentation and core shear for intermediate values of F. By comparing with the failure map of a foam
free truss-cored sandwich beam (see Fig. 14 of Deshpande and Fleck (2001)), the face wrinkling region disappears due to
presence of the foam matrix.
5. Finite element simulations
Finite element (FE) models are developed with the commercially available code, ABAQUS/Explicit (2006), to simulate the
structural behavior of sandwich beams with pin-reinforced foam cores, and the results are used to validate the analytical
predictions. The facesheets and the foammatrix are fully meshed with three-dimensional elements (C3D8R in ABAQUS nota-
tion), which are eight-node linear brick elements having reduced integration. The pin components are modeled by three-
node quadratic beam elements (B32). The mutual effects of the foam matrix and the pin reinforcements are simulated by
invoking the embedded element technique available in ABAQUS/Explicit1.
The constitutive models developed by Zhang et al. (1997, 1998) for polymer foams and by Deshpande and Fleck (2000) for
metal foams are adopted in the FE simulations. The composite facesheet (GFRP, see Table 1) is treated as isotropic, elastic-
ideally plastic, with tensile and compressive yield strengths equal to its microbuckling strength; its Poisson ratio is taken as
0.18. The constitutive models for both the aluminum facesheets and foams are calibrated against experiment data obtained
using specimens of the same sizes, as given in Chen et al. (2001) and Cartie and Fleck (2003), so that they are slightly dif-
ferent from the values given in Table 1.
5.1. Quasi-static responses of pin reinforced foam cores subject to uniaxial compression and out-of-plane shear
For FE simulations of the performance of the pin-foam core, the unit cell corresponding to core geometries with pyramidal
arrangement of pins is given in Fig. 1(a) with h = 10mm, U = 14.3, k = 2.44% and D1/D2 = 0.43. Quasi-static responses of the
unit cell subject to either uniaxial compression or out-of-plane shear loading are computed to reveal the synergetic effects of1 ABAQUS searches for the geometric relationships between nodes of the embedded elements (pins) and the host elements (foam) in calculation. If a node of
an embedded element lies within a host element, the translational degrees of freedom at the node are eliminated so that the node becomes an ‘‘embedded
node.” The translational degrees of freedom of the embedded node are constrained to the interpolated values of the corresponding degrees of freedom of the
host element. Embedded elements (pins) are allowed to have rotational degrees of freedom, but these rotations are not constrained by the embedding.
Fig. 11. Collapse mechanism map for sandwich beams consisting of aluminum alloy facesheets and aluminum foam core (11% dense Alporas) reinforced by
aluminum pins for U = 22, k = 3% and D2/D1 = 1.2. Contours of dimensionless weight bM and structural load index F have been added. The arrows trace the
path of minimum mass designs with diminishing F.
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strengths subject to these basic types of external loading, as described in Section 2.
During the FE calculations, the bottom facesheet is ﬁxed while the top facesheets is displaced. Periodic boundary condi-
tions consistent with each type of loading are imposed on the unit cell: symmetry dictates that the roles of the 1-direction
and the 2-direction can be interchanged. To trigger the buckling responses of the pins, a small initial geometric imperfection
(a transverse deﬂection that is 2% of the pin diameter) is introduced. When using ABAQUS/Explicit, the unit cell is loaded at a
sufﬁciently low rate, so that the responses are deﬁnitely quasi-static.
Fig. 12(a and b) plot the stress versus strain relationship under uniaxial compression and out-of-plane shear, respectively,
for three different foam–pin combinations: polymer foam H200/T300 carbon pins, polymer foam H100/T300 carbon pins,
and aluminum foam/aluminum pins. In these plots, the macroscopic stresses of the unit cell are normalized by the analyt-
ically predicted peak strengths of the counterpart pin-alone cores (with foam removed), Rpin33max and R
pin
13max, which are calcu-
lated corresponding to the Euler buckling of simply supported pins. For both loading cases, consistent with the analytical
predictions (Section 2), the pin-reinforced polymer foam core fails with the elastic buckling of pins, while the pin-reinforced
aluminum foam core fails with the yielding of pins. Both the peak strength and failure mode predicted by the analytical mod-
el, e.g., value of m (see Section 2.3), agree well with those obtained with the FE calculations. The synergetic effects of foam–
pin combinations are obvious: the peak strengths of the pin-reinforced foam cores are 2–7 times greater than those of the
counterpart pin-alone cores.
5.2. Sandwich beams in 3-point bending
Virtual experiments of sandwich beams having pin reinforced-foam cores in 3-point bending are performed with FE sim-
ulations. A typical FE model is shown in Fig. 13(a), and only half of the beam is analyzed due to symmetry along axis-1. To
save computation cost, periodical boundary condition along axis-2 is imposed so that both the cylindrical rollers and the
beam are inﬁnite in this direction.
Mesh reﬁnements near the contacts between the beam and the loading rollers are considered. The calculation is per-
formed by prescribing an increasing displacement of the mid-point loading roller at slow rate so that the whole process
is quasi-static. Contact between the facesheets and the three rigid rollers is handled by a contact algorithm within ABAQUS.
In order to achieve numerical convergence, a small value of Coulomb friction coefﬁcient of l = 0.01 is assumed. Numerical
experiments conﬁrm that the precise value of l has a negligible effect upon the ﬁnal results obtained. The geometrical
dimensions of the sandwich specimens considered are listed in Table 3, which are selected so that all the possible failure
modes discussed in Section 3.2 can be included.
The failure modes and peak strengths predicted by the analytical model of Section 3.2 are assembled in Table 3 and
compared with those obtained by FE simulations. Overall, good agreement between analytical predictions and numerical
calculations is observed. Consistent with Section 5.1, the core failure modes (core shear or indentation) are initially trig-
gered by either pin elastic buckling for pin-reinforced polymer foam cores or pin yield for pin-reinforced metal foam
cores.
Fig. 12. Normalized nominal stress versus nominal strain curve for: (a) uniaxial compression and (b) out-of-plane shear for pyramidal arrangement of pins
(Fig. 1a), h = 10 mm, U = 14.3, k = 2.44%, and D1/D2 = 0.43. The horizontal lines represent the peak strengths predicted using the analytical model outlined
in Section 2.
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FE results for four different sandwich specimens, designated A1, A3, B2 and C3 in Table 3, are obtained, which collapse by
core shear, face wrinkling, face microbuckling and indentation, respectively. The normalized load F ¼ F=bLrfaceY11 is plotted in
Fig. 14 as a function of the normalized mid-roller displacement d/L for each specimen; correspondingly, the failure modes of
specimen A1, A3 and C3 are depicted in Fig. 13. For comparison, analytical predictions for sandwich stiffness and strength are
included in Fig. 14.
5.2.1.1. Core shear. Consider ﬁrst the response of specimen A1, which fails in core shear, as shown in Fig. 13(c) and Fig. 14(a).
The analytically predicted initial stiffness of the sandwich correlates reasonably well with FE simulations. However, the ana-
lytical model for collapse by core shear slightly underpredicts the peak strength since it neglects the strength contribution of
the factsheets (see, Section 3.2.3). FE simulations conﬁrm that the collapse of the sandwich is initiated by pin buckling at the
locations of both the mid-roller and outer-rollers.
5.2.1.2. Face wrinkling. Fig. 13(b) and Fig. 14(b) present the structural response of specimen A3, which fails mainly by face
wrinkling. Compared with FE calculations, even though the analytical model gives accurate prediction for the initial stiffness,
it underpredicts the peak strength. FE simulations show that, since no failure of pins occurs, the sandwich specimen can
Fig. 13. Finite element simulations of sandwich beams in three-point bending: (a) FE model, (b) failure mode of specimen A3 (Table 3; foam components
and rollers are not shown), (c) failure mode of specimen A1 and (d) failure mode of specimen C3. The rigid rollers with radius R = 20 mm are inﬁnitely long
in 2-direction.
Table 3
Results obtained with FE simulations for sandwich specimens in 3-point bending
Specimen
designation
t/h h/L L
(mm)
U D2/D1 k
(%)
Analytical failure
mode
FE failure mode FE peak load
F(N)
Analytical/FE peak
load
A1 0.1 0.0943 106 22 1.325 3.02 Core shear Core shear 602.12 0.88
A2 0.1 0.0472 106 22 2.6240 3.02 Face microbucking Face
microbucking
154 1.25
A3 0.0281 0.15 118.4 22 1 3.23 Face wrinkling Face wrinkling 650 0.60
B1 0.1 0.0472 212 22 1.325 3.02 Face microbucking Face
microbucking
480 0.80
B2 0.1 0.0472 106 22 2.6240 3.02 Face microbucking Face
microbucking
192 1
B3 0.0281 0.15 118.4 22 1 3.23 Face wrinkling Face wrinkling 800 0.743
C1 0.1 0.0472 212 22 1.325 3.02 Face yield Face yield 130 0.86
C2 0.1 0.0472 106 22 2.6240 3.02 Face yield Face yield 72 0.78
C3 0.0281 0.15 118.4 22 1 3.23 Indentation Indentation 234 0.58
Specimens A1–A3 are made of H100 polymer foam, T300 carbon pins and GFRP composite facesheets. Specimens B1–B3 are made of H200 polymer foam,
T300 carbon pins and GFRP composite facesheets. Specimens C1–C3 are made of 11% Alporas aluminum foam, aluminum pins and aluminum facesheets.
Results obtained analytically are included for comparison.
T. Liu et al. / International Journal of Solids and Structures 45 (2008) 5127–5151 5145withstand increasing load even though the facesheet has wrinkled: this feature is not captured by the current analytical
model.
5.2.1.3. Face microbuckling. The structural response of specimen B2, failing with face microbuckling, is plotted in Fig. 14(c).
The analytical predictions for both the initial stiffness and peak strength agree well with FE calculations. However, according
to Steeves and Fleck (2004), facesheet microbuckling is a catastrophic event within the facesheets, which may result in a
sudden drop in the load carrying capacity of the sandwich: this feature is not considered by the current analytical and FE
models.
Fig. 14. Quasi-static response of sandwich beams in 3-point bending (see Fig. 13 for FE model and failure modes): (a) specimen A1, failed by core shear,
(b) specimen A3, failed with face wrinkling, (c) specimen B2, failed with face microbuckling, and (d) specimen C3, failed by indentation.
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tion, as can be seen in Fig. 13(d) and Fig. 14(d). FE calculations reveal that, even though the pins have yielded at the location
of indentation, the strength of the sandwich has not been fully realized so that it can withstand further load increases. In
comparison, the initial stiffness of the sandwich predicted by the analytical model agrees reasonably well with FE
simulations.
6. Concluding remarks
The collapse response of sandwich beams having pin-reinforced foam cores loaded in 3-point bending has been theoret-
ically investigated. Firstly, a micromechanics-based model is developed to calculate the effective elastic–plastic properties of
the pin-reinforced foam core, which are calibrated by existing experimental data. Minimum weight design of the sandwich
as a function of prescribed structural load index is then obtained by considering four different types of collapse mode: face-
yield/microbuckling, face-wrinkling, core shear and indentation. Collapse mechanism maps are also constructed and com-
pared with those of foam-cored sandwich beams without pin reinforcements. Finally, to validate the analytically predicted
stiffness and strength of the sandwich, ﬁnite element simulations are carried out for a sandwich subjected to uniaxial com-
pression, out-of-plane shear and 3-point bending.
It is established that the weaker the foam is, the more optimal the pin-reinforced foam core becomes. In terms of struc-
tural efﬁciency, it is beneﬁcial to combine a relatively weak polymer foam (e.g., H30 and H100) with composite trusses to
form a pin-reinforced foam core, but the same cannot be said to the combination of a metal foam and metal trusses. In com-
parison with FE calculated results, the analytical models provide in general good estimates of the stiffness of a sandwich with
pin-reinforced foam core subjected to 3-point bending, but systematically underestimate its strength. This is attributed to
the fact that the sandwich can continue to withstand external loading even if initial failure has occurred in its facesheets
or core, which is not accounted for by the current analytical models that assume elastic perfectly-plastic constitutive behav-
ior for both the facesheets and the core.
T. Liu et al. / International Journal of Solids and Structures 45 (2008) 5127–5151 5147In addition to address the above deﬁciency of the analytical models on predicting the collapse strengths of sandwich pan-
els with pin-reinforced foam cores, further work will focus on the multifunctional applications of these sandwiches, e.g.,
simultaneously load bearing, sound attenuation and temperature insulation, as requested by high speed railway and other
transportation vehicle applications.
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tion for supporting this work.Appendix A. Homogenization of a truss lattice buried in a cellular foam matrix
A truss lattice embedded in a cellular foam matrix may be analyzed at two different scales: (a) at the macroscale, it is
treated as a homogeneous medium; (b) at the microscale, the foam and discrete truss structures are considered, separately.
It is assumed that the truss lattice and the foam keep close contact with each other during deformation, even though slip
may occur at the interface. Since the pin material is typically 69–1000 times stiffer than a foam core, the behavior of the
pin can be characterized as Euler–Bernoulli beams (Cartie and Fleck, 2003).
The derivation of micro-macro relations for a heterogeneous medium relies on the analysis of its representative volume
element (RVE, or unit cell in this paper). For periodic media such as lattice truss structures, the smallest periodic unit is taken
as the unit cell. Following the modern notations of continuum mechanics, at the microscale, let r denote the stress tensor
and e the strain tensor. Here and throughout the rest of this paper, tensorial variables are represented by bold symbols. The
microscopic response is characterized by the strain energy density:g ¼ 1
2
e : C : e ðA1Þwhere C is the elasticity tensor. At the macroscale, let R denote the macroscopic stress tensor and E the macroscopic strain
tensor. The homogenized micro-macro relationship can then be described as:E ¼ heiX 
1
X
Z
X
edX ðA2Þ
R ¼ hriX 
1
X
Z
X
rdX ðA3Þwhere X represents the current volume of the unit cell and hiX denotes volume averaging. For statically admissible stress
ﬁeld r and kinematically admissible strain ﬁeld e, the response of the effective material at point x and that of the associate
unit cell are equivalent if:G ¼ 1
X
Z
X
gðxÞdx ðA4Þwhere G is the strain energy density of the effective material given by:G ¼ 1
2
E : CH : E ðA5ÞHere, superscript H denotes the homogenized material properties for the effective material.
A.1. Kinematics for small strain ﬁeld
Mohr (2005) studied the mechanical behavior of ideal truss lattice materials which is controlled by the so-called
direct action mechanism at the microscale. A general micromechanics-based ﬁnite-strain constitutive model for truss
lattice material was presented, but only the stretching and compressing of the individual truss member were consid-
ered in the study. In this paper, we go further and present the homogenized results for beam elements berried in a
foam matrix. Consider the small-strained deformation from time 0 to T of a unit cell comprising a single pin buried
in a foam core, as schematically shown in Fig. A1. It is assumed that the pin is clamped at both facesheets so that
no rotation of the ends of the pin is permitted. The displacement of a material point initially located at position X in
the reference conﬁguration to position x in the current conﬁguration is formally described by the point-to-point map-
ping x = u(X,t), where t 2 [0,T] represents time. The deformation gradient F = F(X) is deﬁned by the gradient of this
transformation as:
Fig. A1. Kinematics of a unit cell comprising a single pin member.
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Therefore, the linear transformation can be formulated as:dx ¼ FdX; detF > 0 ðA7ÞThe displacement ﬁeld u can be deﬁned as:uðX; tÞ ¼ uðX; tÞ  X ðA8ÞIt follows from (A6) that the displacement gradient is given by:ru ¼ F I; ruij 	 0ði; j ¼ 1;2;3Þ ðA9Þ
where small displacements have been assumed.
The homogeneity of the displacement ﬁeld implies that the deformation gradient is uniformwithin the unit cell. The mac-
roscopic Green strain tensor E can be deﬁned with respect to the reference conﬁguration, as:E ¼ 1
2
ðC IÞ ðA10Þwhere C is the Cauchy–Green tensor:C ¼ FTF ðA11Þ
and the superscript T denotes transposition. Using Eq. (A9) and small strain ﬁeld assumption, we have:E ¼ 12 ½ðruþ IÞTðruþ IÞ  I  ru
¼ symru ¼ 12 ðruT þruÞ
ðA12ÞAs shown in Fig. A1, a pin initially aligned with the unit vector n1 is rotated into the current direction n. For small deforma-
tions, the distance L between the ends of the pin is approximately equal to the length of the pin after deformation (Fig. A1),
i.e.:Ln ¼ Fln1 ðA13Þ
D ¼ Dn0 ¼ Ln ln1 ¼ ðF IÞln1 ðA14Þwhere l is the initial length of the pin andD is the displacement of the end point of the pin (Fig. A1). From Eqs. (A9) and (A12),
we have:D ¼ lEn1 ðA15Þ
where
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E11 E12 E13
E22 E23
sym: E33
264
375 ðA16Þ
n1 ¼ ðn11;n12;n13ÞT ðA17Þ
With m, s, r denoting separately the unit vectors aligned with the axes of coordinates (1,2,3) in the reference conﬁguration
(Fig. A1) and D1, D2, D3 denoting the projections of D, we have:D ¼ Dn0 ¼ ðD1s;D2m;D3rÞT ðA18ÞA.2. Macroscopic equivalent properties
Here again, it is assumed that the pins are clamped at both facesheets. Hence, for a unit cell containing N pins, the mac-
roscopic strain energy density may be deﬁned as:G ¼ Gp þ Gf ðA19Þ
Gp ¼ 1X
XN
i¼1
1
2
ð~uðiÞ þ 2~uðiÞp ÞT eKðiÞ~uðiÞ  ~gðiÞp  ðA20Þ
Gf¼ð1 kÞ 12C
f
hjklEhjEkl
 
þ 1
X
XN
i¼1
~gðiÞp ðA21Þwhere Gp and Gf are the strain energy contributions of the pins and foam core, respectively, k is the total volume fraction ratio
of pins in a unit cell, superscript/subscript f denotes the foam, and ~uðiÞ is the global nodal displacement vector for the ith pin
characterized by end nodes f and s, as shown Fig. A2:~uðiÞ ¼ TT ~uðiÞe ðA22Þ
~uðiÞe ¼ ½wf; vf;wf; hfx; hfy; hfz;ws; vs;ws; hsx; hsy; hszðiÞT ðA23ÞHere, ~uðiÞe is the nodal displacement vector under local coordinates (x,y,z), T is the transformation matrix between local and
global coordinates, and superscript e denotes the values in local coordinates. From Fig. A1 as well as Eq. (A18), one can write:~uðiÞ ¼ ½D1;D2;D3;0; 0;0; 0;0; 0;0;0;0ðiÞT ðA24Þ
In Eq. (A20), ~uðiÞp is the nodal displacement vector for the ith pin induced by the lateral normal stress p(i) (Fig. A2), which rep-
resents the coupling effect between the pin and foam:~uðiÞp ¼ TT euðiÞep ðA25Þ
~uðiÞep ¼
2vpðiÞ
E
lðiÞ;0; 0;0; 0;0; 0;0; 0;0; 0;0
 T
ðA26Þwhere v is the Poisson ratio of the pin material. Since the radius of cylindrical pin reinforcements is usually small,
e.g., in the order of 0.14–0.26 mm, the effect of shear stress on the lateral surface of the pin is ignored. The strain
energy contribution from lateral normal stress p(i) can be divided into two parts: one is related to the elongation of
the ith pin, as calculated in Eqs. (A25) and (A26); the other, related to the compression on the lateral surface of the
pin, is represented by ~gðiÞp in Eqs. (A20) and (A21),which is eliminated in the summation of the total strain energy in
Eq. (A19).
Since the volume fraction of pins is typically low (0.5 
 4%), the macroscopic deformation of the foam in a unit cell is
approximately equal to that of the unit cell, as given in Eq. (A21). Therefore, with close contact between pin reinforcements
and foam matrix, for a slender cylindrical pin (as in this paper), p(i) is assumed to be uniformly distributed on the lateral sur-
face of the pin, and can be approximately calculated as (Fig. A2):pðiÞ ¼ n221rf11 þ n222rf22 þ n223rf33 þ 2n22n23rf23 þ 2n21n23rf13 þ 2n21n22rf12 ðA27Þ
wheren2 ¼ ðn21;n22;n23ÞT; rf ¼ CfE ðA28Þ
Here, n2 is the unit vector normal to the outer surface of the pin. In Eq. (A20), eKðiÞ is the global stiffness matrix that satisﬁes
the transformation between local and global coordinates, as shown in Fig. A2:eKðiÞ ¼ TT eKeðiÞT ðA29Þ
where eKeðiÞ is the elementary stiffness matrix of the ith beam (pin). For Euler–Bernoulli beams:
Fig. A2. A pin under nodal forces/moments and laterally normal pressure.
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sym: eK3
" #eðiÞ
ðA30Þ
eK1 ¼
EA
l 0 0 0 0 0
0 12EIz
l3
0 0 0 6EIz
l2
0 0 12EIy
l3
0 6EIy
l2
0
0 0 0 GIxl 0 0
0 0 6EIy
l2
0 4EIyl 0
0 6EIz
l2
0 0 0 4EIzl
2666666666666664
3777777777777775
ðA31Þ
eK2 ¼
 EAl 0 0 0 0 0
0  12EIz
l3
0 0 0 6EIz
l2
0 0  12EIy
l3
0 6EIy
l2
0
0 0 0  GIxl 0 0
0 0 6EIy
l2
0 2EIyl 0
0  6EIz
l2
0 0 0 2EIzl
2666666666666664
3777777777777775
ðA32Þ
eK3 ¼
EA
l 0 0 0 0 0
0 12EIz
l3
0 0 0  6EIz
l2
0 0 12EIy
l3
0 6EIy
l2
0
0 0 0 GIxl 0 0
0 0 6EIy
l2
0 4EIyl 0
0  6EIz
l2
0 0 0 4EIzl
2666666666666664
3777777777777775
ðA33Þwhere Ey and Gy are the Young’s and shear moduli of the pin material, l is the length of the ith pin having cross-sectional area
A, and Ix, Iy, Iz are the moments of inertia of the ith pin.
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¼ ½E11; E22; E33;2E23;2E13;2E12T
ðA34ÞThen the effective stiffness can be calculated as:CHijkl ¼
@2G
@Nij@Nkl
ðA35ÞThe homogenized effective stiffness of a cellular core material can be obtained for Timoshenko beam members by replacing
the elementary stiffness matrix formulation of Euler–Bernoulli beam with Timoshenko beam formulation. However, numer-
ical examples show Euler–Bernoulli beammodel is accurate enough to model the behaviors of core members. Hence, for sim-
plicity, only results for Euler–Bernoulli beams will be employed herein.
As mentioned in Section 2, for the cases investigated in this paper, the macroscopic behavior of pins is not sensitive to the
support conditions of pins. Therefore, with the assumption that the pins are pin-jointed, Eq. (A3) can be alternatively written
as:R ¼
XN
i¼1
kðiÞrðiÞnðiÞ  nðiÞ þ 1
XN
i¼1
kðiÞ
 !
rf ðA36Þwhere r(i) denotes the axial stress of the ith pin.
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